In a 2012 paper, Brach, Brach, and Louderback (BBL) investigated the uncertainty that arises in calculating the change in velocity and crush energy with the use of the CRASH3 equations (2012-01-0608). They concluded that the uncertainty in these values caused by variations in the stiffness coefficients significantly outweighed the uncertainty caused by variations in the crush measurements. This paper presents a revised analysis of the data that BBL analyzed and further assesses the level of uncertainty that arises in CRASH3 calculations. While the findings of this study do not invalidate BBL's ultimate conclusion, the methodology utilized in this paper incorporated two changes to BBL's methodology. First, in analyzing the crash test data for several vehicles, a systematic error that is sometimes present in the reported crush measurements was accounted for and corrected. This systematic error arises when a vehicle's plastic bumper fascia rebounds more than the underlying structure, creating an air gap and causing the reported crush measurements both to underestimate the actual deformation and to exhibit more scatter than they otherwise would. This scatter translates into uncertainty in the stiffness coefficients.
Introduction
Brach, Brach, and Louderback (BBL) analyzed a series of frontal impact crash tests from the National Highway Traffic Safety Administration's (NHTSA) crash test database to investigate the uncertainty that arises in calculating the vehicle change in velocity (ΔV) and the crush energy (E A ) with the use of the CRASH3 equations [1] . They concluded that the uncertainty in the CRASH3 calculations caused by variations in the stiffness coefficients significantly outweighed the uncertainty caused by variations in the residual crush measurements. This led them to conclude that a recent focus in the literature on improving the methods reconstructionists employ for measuring residual crush in the field would not yield significant benefit unless there was a corresponding improvement in the way that crash test facilities document the data, particularly crush measurements, used for calculating stiffness coefficients.
That point makes logical sense and the findings of the current study do not invalidate this point. In fact, the findings of this study strengthen the point made by BBL. However, in their assessment of the current situation, BBL did not mention a systematic error that the literature has already identified in some of the residual crush measurements from NHTSA crash tests. This error arises when a vehicle's plastic bumper fascia rebounds more than the underlying structure and an air gap is created. If the crush measurements are then taken to this rebounded fascia, rather than to the underlying structure, then the reported crush measurements will underestimate the deformation to the underlying structure [2] . This underestimation results in the stiffness of the vehicle being overestimated.
In addition, one would expect more variability in the rebound of the fascia than in the rebound of the underlying structure, and so, not accounting for the air gaps would also be likely to result in the crush measurements exhibiting more scatter, and thus, in the stiffness coefficients exhibiting more uncertainty than
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they would were the air gaps removed. This, of course, depends on having a reliable air gap adjustment procedure that does not just result in new sources of error and uncertainty. As long as this is the case, accounting for this source of error would then have the effect of making CRASH3 calculations more accurate and of reducing the uncertainty arising in these calculations. In other words, eliminating air gaps from the crush measurements reported by the test labs should increase the accuracy of the stiffness coefficients, decrease the uncertainty in these coefficients, and thus, make improvements to field crush measurement techniques more meaningful.
BBL also treated each crash test that they analyzed independently and assumed a damage onset speed (b 0 ) to calculate stiffness coefficients for each test. They used the same damage onset speed of 7 mph for every test. This amounts to them assuming a value for one of the stiffness coefficients they were calculating, with the result that they underestimate the uncertainty in the stiffness coefficient associated with the onset of permanent deformation. An alternative method would have been to plot all of the crash tests for a particular vehicle model on one graph and to use curve-fitting techniques to obtain the stiffness coefficients without having to assume a damage onset speed. The analysis reported in this paper made these two changes to the BBL methodology and reassessed the resulting uncertainty in the stiffness coefficients and the CRASH3 velocity change and crush energy calculations. The analysis reported here utilized the same data that BBL analyzed.
CRASH3 Equations
Equations (1) and (2) are equivalent to the equations used in the crush analysis portion of the CRASH3 algorithm to relate the crush energy to the approach velocity and vehicle changes in velocity for central collisions [3] . In these equations, V A is the relative velocity at impact, ΔV i is the velocity change for the vehicle under consideration (i = 1 or 2), M 1 and M 2 are the vehicle masses, e is the coefficient of restitution and E A is the total absorbed crush energy for the impact. It is worth noting here that, in this study, the formulation of the CRASH3 equations that is utilized includes the effects of restitution. Some formulations of the CRASH3 equations omit these effects.
(1) (2) One difference in methodology between this study and BBL's is that the formulation of the equations employed the absorbed energy, whereas BBL utilized the dissipated energy. The theoretical implications of this difference are discussed in Reference 3. In practice, the difference is likely to be small.
Within the CRASH3 formulation, the crush energy for a collision is calculated using measured residual crush depths along with coefficients that characterize the stiffness of the impacted vehicle structure. These stiffness coefficients can be formulated either as the slope and intercept of a linear relationship between the residual crush and the impact force (A and B) or as the slope and the intercept of a linear relationship between the residual crush and a factor related to the crush energy (d 0 and d 1 ) [4] . In the first instance, the crush energy is given by Equation (3) and, in the second, by Equation (4) . In these equations, C R is the average residual crush and w is the width of the damaged region. Equation (4) can also be rewritten in the form of Equation (5). The left side of this equation -the square root of double the approach energy divided by the damage width -is referred to as the Energy of Approach Factor (EAF) [5, 6] . This form of Equation (4) is often used in conjunction with frontal impact crash test data to calculate the stiffness coefficients d 0 and d 1 . Each available crash test represents a single point relating the average residual crush to the EAF. When a number of tests are available, linear regression can be used to obtain the best fit line through these points. The coefficients of this best fit line are the stiffness coefficients d 0 and d 1 . When only a single crash test is available, a reasonable assumption can be made about the energy level at which the vehicle structure will begin to exhibit residual crush. Comparison of Equations (3) and (4) reveals that the energybased stiffness coefficients d 0 and d 1 are related to the force-based stiffness coefficients A and B with the following equations. Given these simple relationships between the force-based and energy-based stiffness coefficients, the use of Equation (5) represents a convenient method for calculating stiffness coefficients, even if one intends to conduct analysis using the A and B stiffness coefficients [5] . 
Uncertainty in CRASH3 Calculations
Examination of Equations (2), (3) and (4) reveals that uncertainty would arise in the crush energy and ΔV calculations due to variations in the vehicle stiffness coefficients and in the measured residual crush measurements. In quantifying the uncertainty that arises in the calculation of the stiffness coefficients for each of the test series considered here, the weight of the vehicle, the impact speed and the reported residual crush measurements from each test report were first obtained. Each test report listed six equidistant crush measurements and the average of these reported measurements was calculated with Equation (8) [4] : (8) The EAF was then calculated from the reported vehicle weight and speed listed in the test report with Equation (9): (9) In this equation, W is the test vehicle's weight, V is the speed of the test vehicle at impact with barrier, w is the width of the damaged region and g is the gravitational constant. For each vehicle model analyzed, a damage width equal to the track width plus six inches was utilized. This approach was recommended by Strother [7] . It is acknowledged that there is some level of uncertainty in the damage width value and this study has not assessed this uncertainty.
Having calculated the average residual crush and the EAF for each test, linear regression was then performed with all of the points for a particular vehicle model to obtain the best-fit linear relationship between these values [8] . This is the linear relationship of Equation (5) and the coefficients are the d 0 and d 1 stiffness coefficients. Finally, the standard deviation for the coefficients of this linear fit was calculated using the method outlined and the equations listed in Reference 8.
This method that employs linear regression to obtain the coefficients for the relationship of Equation (5) allows for an assessment of the overall consistency and linearity of the data and allows systematic errors in the data, such as the air-gap issue discussed in this paper, to be exposed. In two instances, discussed later in this paper, the damage onset speed that resulted from the curve-fitting process led us to conclude that a particular vehicle make and model would likely be better modeled with a variable stiffness model (non-linear or bi-linear) rather than the constant stiffness model employed in CRASH3.
1996-99 Ford Taurus
To illustrate the significance of accounting for the gap created by rebounding of a plastic bumper fascia, a series of frontal impact crash tests involving 1996 to 1999 Ford Tauruses will be considered first. Tables 1 and 2 list the nine crash tests analyzed for this vehicle along with relevant numerical values for each test. Data for these tests were obtained from the NHTSA crash test database. Tables 1 and 2 . The residual crush, with units of inches, has been plotted on the horizontal axis and the EAF, with units of the square root of pounds, has been plotted on the vertical axis. For this graph, the average residual crush was calculated with the crush measurements as they were listed in the test reports, without any correction for air gaps. Figure 1 also shows the line that resulted from the linear regression, the equation for this line, and its coefficient of determination (R 2 ).
As in all of the analysis reported in this paper, when the regression analysis was performed, the resulting line was not forced to intersect the vertical axis at any particular value, but instead allowed the intercept to come as a result of the curve fitting process. This linear fit to the data resulted in a coefficient of determination of 0.5925 and an intercept with the vertical axis of 132.19. This coefficient of determination shows weak linear correlation between the residual crush and the EAF and the intercept corresponds to a damage onset speed of 19.6 mph, a value well above what would be expected. Generally, the damage onset speed would fall in the 4 to 7 mph range [1] .
Forcing the line to intersect the vertical axis at a more reasonable value (say 33.71, corresponding to a damage onset speed of 5 mph) did not improve the fit. There are a couple of ways that these results could be interpreted. One could conclude, for instance, that this Ford Taurus data is not adequately modeled with a linear relationship between the EAF and the residual crush and attempt a non-linear fit to the data. In this instance, such an approach was attempted and it resulted in only marginal improvement in the fit. Not only that, such an interpretation is premature until potential sources of systematic error in the data have been explored.
In this case, a better explanation for the extensive scatter apparent in this data is the air-gap issue originally identified by Neptune [6] . That this is a reasonable explanation for the scatter apparent in the Ford Taurus data can be confirmed by examining the post-test deformation to the Taurus depicted in Figure 2 . This photograph, which depicts the Taurus from Test #2905, shows that a significant portion of the plastic bumper fascia has rebounded. Similar rebound occurred for the vehicles in the other tests listed in Table 1 . When this issue exists for a particular test series, the result is that the reported residual crush measurements underestimate the actual underlying structural damage and considerable scatter is introduced into the data because of variability in how much rebound of the bumper fascia occurs. For a number of years now, Neptune has recognized this issue as a problem when calculating stiffness coefficients and he has made efforts to correct for it when calculating stiffness coefficients.
Neptune has conducted analysis to adjust the reported crush measurements for these Taurus tests and has reported the magnitude of his adjustments in his crush stiffness data sheet for this make and model. This study relied on the work that Neptune has already done on this issue. In doing so, Neptune's permission was obtained to use and publish the magnitudes of his adjustments to the average residual crush for these tests. Table 3 lists the unadjusted average residual crush for each Taurus test, the adjusted average crush, and the magnitude of the difference (the air gap). 
1995-2004 Toyota Tacoma
Now, consider a vehicle for which air gap adjustment is unnecessary -the Toyota Tacoma of model years 1995-2004. Figure 4 depicts an example of the deformation to this style of vehicle after a 25 mph barrier impact test (Test #3146) . This vehicle has a metal bumper with no fascia and so there is no air gap issue for this vehicle. Figure 5 plots the calculated average residual crush and EAF for each crash test listed in Tables 4 and 5 . Again, the residual crush, with units of inches, has been plotted on the horizontal axis and the EAF, with units of the square root of pounds, has been plotted on the vertical axis. For this graph, the average residual crush was calculated with the crush measurements as they were listed in the test reports. 
1985-94 Chevrolet Astro Van
Next, consider a series of frontal impact crash tests involving 1985 to 1994 Chevrolet Astro Vans, another vehicle with a metal bumper and no plastic fascia, and thus, for which air-gap adjustments to the crush measurements are not necessary. Tables 6 and 7 list the six crash tests analyzed for this vehicle along with relevant numerical values for each test. Figure 6 plots the calculated average crush and EAF for each of these tests. This figure also shows the line obtained using linear regression, the equation for this line, and its coefficient of determination (R 2 ). The calculated average residual crush and EAF for each of these tests are plotted in Figure 7 . For this graph, the average crush was calculated with the crush measurements as they were listed in the test reports, without any correction for air gaps. Figure 8 depicts the post-test deformation for the Accord from Test #5215. As this photograph shows, this make and model vehicle has a plastic bumper fascia that can, and did in this instance, rebound more than the underlying structure. Neptune has conducted analysis to adjust the reported crush measurements for these Accord tests and has reported the magnitude of his adjustments in his crush stiffness data sheet for this make and model. For this vehicle, Neptune's air gap adjustments to the reported crush measurements were again utilized. Table 10 lists the unadjusted average residual crush for each test, the adjusted average crush, and the magnitude of the difference. Neptune was not able to complete air gap adjustments for all of the tests. Figure 9 plots the air-gap adjusted crush measurements against the EAFs from Table 8 
1997-2001 Ford F150
Next, consider a series of frontal impact crash tests involving 1997 to 2001 Ford F150s, another vehicle with a metal bumper and no plastic fascia, and thus, for which air-gap adjustments to the crush measurements are not necessary. Tables 11 and  12 list the nine crash tests analyzed for this vehicle along with relevant numerical values for each test. Figure 10 plots the calculated average crush and EAF for each of these tests. This figure also shows the line obtained using linear regression, the equation for this line, and its coefficient of determination (R 2 ). This fit to the data resulted in a coefficient of determination of 0.854 and an intercept with the vertical axis of 104.98, corresponding to a damage onset speed of 14.2 mph. This damage onset speed is higher than typical, and in this case, air gaps cannot be the explanation. This high damage onset speed may instead be an indication that a non-constant stiffness model would be better suited for modeling the structural characteristics of this vehicle than the constant stiffness model employed by CRASH3. At any rate, the curve-fitting process yielded a d Figure 11 is a plot of the calculated average residual crush and EAF for each of these tests. For this graph, the average crush was calculated with the crush measurements as they were listed in the test reports, without any correction for air gaps. This figure also shows the line obtained using linear regression, the equation for this line, and its coefficient of determination (R 2 ). This fit to the data resulted in a coefficient of determination of 0.1885 and an intercept with the vertical axis of 190.68, corresponding to a damage onset speed of 25.8 mph, outside the range of reasonable values. Neptune has conducted analysis to adjust the reported crush measurements for these tests and has reported his adjustments in his crush stiffness data sheet. These air gap adjustments to the reported crush measurements were again utilized and they are listed in Table 15 . Figure 14 plots the air-gap adjusted crush measurements against the EAFs from Table 13 and shows the linear fit to these points. Only the data points for which Neptune reported adjusted values were used for this fit. This fit to the data resulted in a coefficient of determination of 0.9346 and an intercept with the vertical axis of 154.71, a value corresponding to a damage onset speed of 20.9 mph. The data from this vehicle is problematic. First, there were two tests for which Neptune could not perform air gap adjustments. Second, when a line is fit to the four air gap adjusted points, the damage onset speed is higher than what is reasonable. This second result may be an indication that a non-constant stiffness model would be better suited for modeling the structural characteristics of this vehicle. At any rate, the curve-fitting Monte Carlo simulation was used to quantify the uncertainty the calculated variations from this study would produce in the CRASH3 calculated crush energy and approach speed for each test vehicle. For ease of comparing the results of this study with those of BBL, the same assumption that they made regarding the variation level in the crush measurements was made in this study. This assumption was that these variations could be characterized with a normal distribution with the reported crush measurement lying at the mean of the distribution and with a standard deviation of 2.5% of the mean. Table 18 compares the standard deviations from this study to BBL's. Consistent with the results listed in Table 17 , for the vehicles that required air gap adjustments to the reported crush measurements, the standard deviations in both the crush energy and the approach speeds were lower than what BBL calculated. For the vehicles that did not require air gap adjustments, the calculated standard deviations for both the crush energy and the approach speed were higher than what BBL calculated.
NHTSA Test #5657
BBL analyzed NHTSA Test #5657 as an illustration of how variations in the stiffness coefficient and crush measurements would cause uncertainty to arise in a reconstruction. This test Previously it was noted that analysis of the barrier impact test data for the Chrysler Town and Country led to an unusually high damage onset speed that may be an indication that the front structure of this vehicle would be better modeled with a non-constant stiffness model. Rather than undertake analysis with a non-linear model here, the stiffness coefficients that had been calculated for this vehicle using the linear CRASH3 model were not used. Instead, the procedure employed throughout this paper was used to calculate air gap adjusted A and B stiffness coefficients for the Honda Civic. Then, having crush measurements for both vehicles and stiffness coefficients for the Honda, A and B stiffness coefficients for the Chrysler Town and Country were calculated such that the calculated collision forces for these two vehicles would be equal, as required by Newton's third law [9, 10, 11] . Figure 20 shows the results of linear regression for the air-gap adjusted Honda Civic barrier impact data. This analysis resulted in an A stiffness coefficient of 312 lb/in and a B stiffness coefficient of 70 lb/in 2 . Using these stiffness coefficients and the reported crush measurements for the Honda Civic, a total impact force of 146,899 pounds was calculated.
To obtain an A and B stiffness coefficient for the Chrysler Town and County that would result in this same force, a relationship between the A and B stiffness coefficients was used that was obtained from analysis of the stiffness data reported in To evaluate the uncertainty in these calculations for this test, the variations in the A and B stiffness coefficients for the Honda Civic were calculated using partial differentiation and Equations (6) and (7). This process yielded the following two equations relating the variations in d 0 and d 1 to the variations in A and B.
(10) (11) Application of these equations to the Honda Civic stiffness coefficients resulted in a calculated standard deviation in A of approximately 70 lb/in (22%) and a standard deviation in B of approximately 7 lb/in 2 (10%). In evaluating the uncertainty in the calculated crush energy and the closing speed for this test, the assumption was made that the standard deviations of the Chrysler Town and Country were the same percentage of the nominal values as were the standard deviations for the Honda Civic.
Next, based on the calculated variations for the stiffness coefficients, and again, assuming that variations in the crush measurements could be characterized by a standard deviation of 2.5%, Monte Carlo simulation was used to quantify the uncertainty these variations would produce in the crush energy and the velocity change for each test vehicle. During this process, the results were filtered to ensure that for each set of calculations, the collision forces for each vehicle were within 2% of each other. This analysis yielded a standard deviation for the closing speed of 2.6 mph and a standard deviation for the crush energy of 25,834 foot-pounds. This is less uncertainty than what BBL found in their analysis of this test. BBL used an upper and lower bound approach in their analysis of the uncertainty for this test.
Discussion
The research reported in this paper demonstrated that the presence of air gaps in the reported crush measurements from many NHTSA crash test reports is an important issue when it comes to calculating stiffness coefficients. Not accounting for these air gaps can lead to mischaracterization of the vehicle's stiffness (inaccuracy) and to increased uncertainty within CRASH3 calculations. One limitation of this study, though, is that it did not develop an independent procedure for performing air gap adjustments. It instead relied on Neptune's prior work related to this issue. Having demonstrated the importance of this issue, though, future research could develop such a procedure and subject that procedure to peer-review. Such a study could also examine the level of uncertainty associated with the air-gap adjustment procedure itself.
Another solution would be for the crash test facilities running crash tests for NHTSA to begin measuring crush in a manner that eliminates the air gap issue. This could be accomplished with little additional effort either by pressing the bumper fascia back to the underlying structure before taking the crush measurements, or potentially, by removing the bumper fascia for the crush measurements. Of course, this would not fix the thousands of tests already available in NHTSA's database that could have this issue and, for analyzing those tests, it would be worth developing a rigorous air-gap elimination methodology. Such a methodology could lead to significant reductions in the uncertainty that arises in the calculation of crush stiffness coefficients, and thus, in the calculations of the crush energy, approach speed, and ΔV using the damage analysis portions of CRASH3.
Despite the level of uncertainty in the stiffness coefficients, it was found that there was relatively little uncertainty in the calculated closing speed and crush energy for NHTSA Test #5657 when force equilibrium was imposed. This demonstrates that there is a need to impose relevant physical constraints when assessing the uncertainty in CRASH3 calculations. The significance of this result to uncertainty analysis within accident reconstruction should not be missed. It is one thing to apply mathematics and assumed ranges of variables to quantify uncertainty. But, if those ranges and the underlying mathematics produce results that are not physically realistic, they can and should be excluded. This will ensure that the real uncertainty is not overestimated. This study's quantification of the uncertainty in the A value for the Chevrolet Astro Van is another example of this. The analysis for this vehicle resulted in an A value of 338 lb/in with a standard deviation of 495 lb/in. While mathematically accurate, this uncertainty is physically unrealistic. The A value cannot be zero or negative and is unlikely to even approach zero.
